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5_i , Abstract 

■^ , This article provides bounds on the size of a 3-uniform linear hypergraph with 

r->^ I restricted matching number and maximum degree. In particular, we show that if a 

3-uniform, linear family J-" has maximum matching size z^ and maximum degree A 

such that A > ^z^(l + ^), then \J^\ < Ai/. 
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1 Introduction 



_. , Let \^ be a set of vertices and let J^ C 2^ be a set of distinct subsets of V. 

[^^ I A set system J-" is fc- uniform for a positive integer k ii \A\ = k for all A e J-". 

"^ ' A set system J-' is linear if |yl fl i?| < 1 for all distinct A, B in J-'. For a 

^ ■ hypergraph Q = {V, J-"), the set V is called the set of vertices of Q and the set 

^^ . J-" C 2^ is called the set of hyper-edges of Q. The size of a fc-uniform linear 

hypergraph Q = {V,J^) is |J-'|-the number of its hyper edges. A matching in 
Q (or J^) is a collection of pairwise disjoint hyper-edges of Q. The size of a 

k> ' maximum matching in J-" shall be denoted by z^(J^). Also degree of a vertex 

H ■ and maximum degree of Q is defined in a usual familiar way. For any x & V, 

- ■ ■ define J-'x = {A G -7-" | x G A} and A(J-') = maxJlJ-'^.l | x G V}. The 

objective of this article is to find a bound on the size of J-" for given values 
of A (J-") and viT). Throughout the remainder of this article unless otherwise 
stated, J-" shall be a 3-uniform linear set system with maximum matching size 
v{J^) = V and maximum degree A (J-") = A. Also, for any set system 1-i and 
B '^'H, we shall use the following notation: Xn := U A. 

The problem of bounding the size of a uniform family by restricting matching 
size and maximum degree has been studied for simple graphs in ^ and p]. 
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These articles were in turn inspired by the Sunflower lemma due to Erdos and 
Rado (see [6]). A sunflower with s petals is a collection of sets ^41,^2...,^^ 
and a set X (possibly empty) such that Ai C) Aj = X whenever i j^ j. The 
set X is called the core of the sunflower. A linear family admits two kinds of 
Sunflower: (i) a matching is a Sunflower with an empty core, (ii) a collection 
of hyper-edges incident at a vertex. It is a well known result (due to Erdos- 
Rado[6]) that a fc-uniform set system, with more members than k\{s — 1)^ 
admits a sunflower with s petals (for a proof see [1]). Other bounds that 
ensure the existence of a sunflower with s petals are known in the case of 
s = 3 with block size k (see |9j). However, not much progress has been made 
towards the general case. This article considers the dual problem of finding 
the maximum size of a 3-uniform, linear family J-" that admits no Sunflower 
with s petals, i.e., s > i^{T) and s > A (J-"). The following remark on the size 
of a family shall be useful later. 

Remark 1 For a positive integer A, let a 3-uniform family Q be a Sunflower 
with A petals and core of size one. For any positive integer u, let T consists 
of I' components where each component is isomorphic to Q. It is obvious that 
//(J") = u and A(J') = A. Also, \J^\ = Az/. 



2 Results 



Our aim in this article is to prove the following two results. 

Theorem 2 Let T be a 3-uniform linear set system with maximum matching 
size i^iJ^) = V and maximum degree A(J-') = A. If A> 5, then jj-"! < 2Az/. 

The main result of this article is a tighter bound in case A is approximately 
greater than Au. The precise statement follows. 

Theorem 3 (The main result) Let J-" be a 3-uniform linear set system 
with maximum matching size t^iJ^) = v and maximum degree A (J-") = A. If 
A > f z/(l + -^), then \T\ < Au. 

Let u be any positive integer. It is worthwhile to note that there are 3-uniform 
liner families J-" with v = v{J^) such that \J^\ > A{J-')i>{J-'). In the next section 
we construct such families and thus establish importance of the main result- 
Theorem [31 



3 Families with large size 



Let J-" be a 3- uniform linear family with A := A (J-") and v := v{T\ We 
present some examples such that \T\ > Au. 

(i) There are block designs J-" with block size three such that \J^\ > //(J-") A (J-"). 
For example, consider Steiner triples S{n,3,2). A Steiner system S{n,k,r) is 
a set system on n vertices such that each member has cardinality k and every 
r-subset of vertices is contained in a unique member (also called block) of the 
family S{n,k,r). It is well known that ^(n, 3, 2) exists if and only if n > 3, 
and n = 1 mod(6) or n = 3 mod(6) (see |1], for instance). 

• If n = 6m + 1 and J^ is an S{n,3,2) then \J^\ = l{^""^^) = m{6m + 1), 
A(J^) = 3m, and iy{T) < 2m, so |J^| > A{T)iy{T). 

(ii) By the method given in [2], we can construct a simple graph G for any 

A := A(G) and u := z/(G) such that \E{G)\ = z/A + [-^\ [f J. Note that if 

2 < A < 2z/ then |^(G)| > Au. Let y be a set such that Y fl V{G) = and 
|y| = \E{G)\. We order the edges {ei,e2, . . . ,e\E(G)\} in E{G) randomly and 
let Y = {yi, ^2, ■ ■ ■ ; y\E{G)\}- We define a linear, 3-uniform family J^ such that 
zy(jr) = i^Ig) and A(J^) = A{G). For i e {1, 2, . . . , |^(G)|}, let Ai := eiU{yi}. 
Now let J-" := {Ai\ z G {1, 2, . . . , |i?(G')|}}. It is obvious that J-" is a 3-uniform, 
linear family. Also note that i^iJ^) = v., A(J-') = A and \J^\ = \E{G)\. Thus, 
|^| = |E(G)| = ^A+L^JLfj>A^. 

Theorem |3] states that if A is large enough compared to u then \J^\ < vA. 
On the other hand the example in part (ii) above shows that for any positive 
integer i/, there are families T such that \T\ > Av with 2 < A < 2v. It would 
be interesting to determine the exact value f(v) so that for any 3-uniform , 
linear family J-" with A(J-') = A > ]{v) and v{T^ = v, we have \J^\ < z/A. 



4 Preliminaries 

We first find a trivial bound to establish that the problem is well founded. 
Let H be a /c-uniform set system with maximum matching v and maximum 
degree A. Since the set of vertices that are covered by a maximum matching 
form a vertex cover (also known as transversal), each hyperedge is covered by 
kv vertices. As the maximum degree is A, we get 

\H\<{A-l){kv) + v. (1) 

In general this bound is too large and can be improved. Surprisingly for 
/c = 3, there are values of v and A for which the previous crude bound 



is tight. For example Fano plane of order two achieves the bound for k = 
3, A = 3 and z/ = 1. Note that for A = 2 and k = 3, the set system 
{{x, y, z}, {a, c, z}, {a, b, x}, {b, c, y}} on vertices {x, y, z, a, b, c} satisfies eq ([T]). 
Our aim is to improve the bound in eq ([T]) to obtain results of Theorem [2] and 
Theorem [31 One of the critical lemmas needed is Lemma [51 This lemma is a 
generalized version of augmenting path maximum matching lemma for graphs. 
The statement of the augmenting path maximum matching lemma for graphs 
is that a matching is maximum if and only if there is no augmenting path 
relative to it. Readers can find graph theoretic version in any standard text 
book such as [5] or [S] . There are numerous versions available that extend aug- 
menting path maximum matching lemma to hypergraphs (see [Z],for instance). 
However, the version presented here (i.e., Lemma [5]) suits to our requirements 
better. Note that Lemma [51 holds for any hypergraph and we don't require 
uniformity of cardinality of hyperedges. 

Definition 4 Augmenting set : Let J-' be a set system with a matching Ai. 
We say C (^ J^ is an Ai-augmenting set if and only if C satisfies: 
[(!)] |A^nC| < \C\M\, 

(i.e., there are more non-matching edges than matching edges in C) 
[(2)] IfBeM,Br\A^(lSfor some AeC then B eC, 

(i.e., if any matching edge has a non-empty intersection with any of the non- 
matching edges of C than that matching edge is also in C) 
[(3)] \C^\M\<iyxeXc= U A. 

(i.e., any vertex of C is covered by at most one non-matching edge of C or in 
other words, non-matching edges in C are pairwise disjoint.) 

Lemma 5 Let J-' be a hypergraph and Ai be a matching. Ai is maximum if 
and only if there is no Ai- augmenting set in T . 

Proof. We first show the only if part by proving the contrapositive. Sup- 
pose there is an A^ augmenting set C in J-". Then we define a new subfamily. 
Ml := {M\C}U{C\ 7W}. Note that \Mi\ > \M\ as \C \ M\ > \C n M\ hy 
property (1) of augmenting set, Definition[H We claim tMi is a matching of J-". 
Note that two non-matching edges of C do not intersect by the property (3) of 
augmenting set (Definition [IJ, and no edge of A^ \ C can have non-empty in- 
tersection with an edge of C by the property (2) of augmenting set (Definition 
[1]). Also edges in A^ \ C are pairwise disjoint as A^ is a matching. Therefore, 
members of Ali are pairwise disjoint. Thus, Ali is a matching of J-". 
Next we prove the if part. Let Al be a matching of J-" which is not max- 
imum and All be a maximum matching. Hence |Ali| > |A1|- Let S : = 
{All \ Al} U {Al \ All}. In S there are more Ali edges than Al edges. 
So there exists a component C of iS such that C contains more Ali edges than 
Al edges. We claim that C is an Ai-augmenting set by Definition [H as, 
[(!)] C has more non-matching (relative to Al) edges than matching Al edges, 
[(2)] C is a component hence any A4 edge which has a non-empty intersection 



with any of the C edges is in C. Note that any edge in A^i fl A^ can not have 

non-empty intersection with any of the C edges, 

[(3)] |Ca; \ A^l < 1 Va; G Xc holds trivially as A^i is a matching of J-". D 



It is easy to prove the first result, i.e.. Theorem |2l However, some more defini- 
tions are needed to this end. Let A^ be a maximum matching of a fc-uniform 
family J^. For i e {1,2,--- , A;}, define A(^,-M) := {^e-F | \AnXM\ = 
i}. Also we define for x G Xjr, di{x,M) := \{A G Di{J^,M) \ x e A}\ for 
te{l,2,---,k}. 



Lemma 6 Let J^ be a linear k-uniform family with k > 2 and M. he a maxi- 
mum matching of T . If B = {xi, X2, . . . , Xk} is an M. edge such that for some 
1 < i < k, di{xi, Ai) > k then di{xj, A4) = for all j ^ i and I < j < k. 

Proof. Without loss of generality, let i = 1 and let J-'x^ n Di(J-', A^) = 
{Ai I i G /} where |/| = di{xi,Ai) > A;. As J-" is a linear family, we 
have Hi^jAi = {xi}. Suppose on the contrary di{xj,M.) > 1 for some j 7^ 1. 
Let C G Di{J^) n J^x ■ As |/| > /c, the sets Ai \ {xi\ are pairwise disjoint for 
i & I and \C \ {xj}\ = k — 1, linearity of J-" demands that C fl Aj = for 
some i & I. By Definition SJ {C, A^, B} is an A^-augmenting set since the only 
matching edge covered by Ai and C is i? and C fl Aj = 0. It is a contradiction 
to Lemma [5] as AI is a maximum matching. D 



Lemma 7 Let k > 2 be a positive integer. If J-" be a linear k-uniform family 
with a maximum matching Ai then 
\Di{T,M)\ <max{(A- l)z/, fc(A; - l)z/}. 

Proof. For B e M, let Vi{B) := {A G Di{T,M) \ A f] B ^ di}. It is 
enough to show that for each B G AI, |Pi(5)| < max{A — 1, k{k — 1)}. 
Suppose that for B = {xi, . . . ,Xk} G Ai, 12^1(5)1 > k{k — 1) + 1. Then there 
exists, by pigeon hole principal, a, Xi E B contained in at least k members of 
1^1(5). Thus, by Lemma[6]all Di{B) edges are incident at Xi (i.e., Xx)-i^(^b)^B = 
{xi}). Since Xi is contained in at most A — 1 elements of J-" different from B, 
we obtain |Pi(E)| < A- 1. D 

Next we rewrite and prove Theorem [2] using the last lemma. 

Theorem 8 Let J^ be a linear 3-uniform family. If A (J-") = d and i^iJ^) = v 
then 

\7\ < max{2du, lOi/}. (2) 

Proof. Let AI be a maximum matching of J-". For any k-umioim. family, the 
summation of degrees of vertices is equal to k times the number of edges. 



Hence for k = 3, 

^ |J-,.|+ Yl 1-^-1=31^1. (3) 

xe{Xjr\XM) x€Xm 

Now we consider the following two cases. 

Case I: E \J^x\ < E \J^x\- 

xe{Xjr\x^) xgXm 

By equation ([3]) and the case assumption, 

2 Y. l-^-l >3|J^|. 

x&Xm 

As \Xm\ = 3z/, we have J2 |^x| < c^|-^x| = 3(iz/. Therefore, 

Thus, 

2t/i/>|J^|. (4) 

Case II: E |^x| > E |-^x|- 

X(^{Xjr\XM) xGXm 

As before, for z G {1,2, 3} define A(^,A^) := {^ G -7^ I {AHXmI = i} and 
di := \Di{J',M)\. Note that M edges are in D3{J',M). As Di{J',M) edges 
are counted twice and D2{J^, A^) edges are counted once in E l-^xl, we 

x&{Xr\XM) 

get E l-^xl = 2(ii + (i2. Similarly, E \J^x\ = di + 2^2 + 3^3- By case 

X&{Xjr\XM) xGXm 

assumption and two immediate previous statements, 2di + d2 > di + 2d2 + 3d3. 
Therefore, 2di - 2^3 > di + d2 + d^ = \J^\ as {Di{T,M)\ i G {1,2,3}} is a 
partition of J-". Thus, 



I J^l < 2di - 2d3 

< 2di — 2v [as (is > v\ 

< 2max{((i — l)z/, Qv} — 2v [as by Lemma[7](ii < max{((i — l)z/, 6z/}] 
= 2z/max{(c/-2),5}. 

Therefore, 

2z/max{(rf-2),5} > \T\. (5) 

By equations (jl]) and dS]), jj-"! < max{2(iz/, lOz/}. D 



It is challenging to prove our main result-Theorem [31 In the next section some 
tools are built to prove Theorem [3l 



5 Important Propositions 



To state these useful propositions precisely, we need more notions such as the 
set of vertices that are covered by each maximum matching. 

Definition 9 Let J^ be a set system. Then Sjr denotes the set of vertices, in 
Xjr = U A, that are covered by each maximum matching. 

Removal of vertices in Sj: along with edges containing these vertices has been 
a crucial step in finding the bound on the cardinality of an edge set of simple 
graphs in [2]. We shall use similar ideas in the proceeding work. The following 
lemma, which is an easy consequence of Lemma [5], is left for readers to prove. 



Lemma 10 Let J^ be a set system and x G Xjr. x G Sjr if and only if 
z/(^\J-,.) = K^)-l. 

We make the following crucial remark based on the lemma above. This remark 
is one of the key ideas that prove the main result. 

Remark 11 Let J^ be a set system with x G Sjr. Then \J^\ < \J^x\ + |'^\'^x| ^ 
A(J^) + \J^\J^x\ and by Lemma lT^ u{J^ \ T.j) = ui^J^) — 1. 

Definition 12 Let T-ibe a k- uniform family with Sy, y^ ^. A sequence (xi, X2, . . . , Xfc^' 
of verticies ofH is called nested if there exists a corresponding sequence of sub- 
families Tio, Til, . . . , Tiki such that Xi 's and Tii 's satisfy: 

(i) -Ho := n, 

(a) Xi G 5'-^i_i and Tii := 7ii-i \ Tixi for all 1 < i < ki. The positive integer 
ki is such that 5*-^^ = 0. 

Note that the value of ki, defined by [T21 depends on the sequence (xj) for 
i G {1, . . . , fci} as shown in the example below. 

Remark 13 Let G be the following graph. V{G) = {w,x,y,z} and E{G) = 
{{w,x}, {x,y}, {y, z}, {x, z}}. Note {{w,x}, {y, z}} is the only maximum match- 
ing of G and hence every vertex is covered by all maximum matchings of G. 
Thus, Sg = V{G) by Definition\^ Consider two sequences of vertices (w) and 
{x, y) for Xi 's in the definition [Tl 



(i) Let Xi = w and consider induced subgraph Gi on V{G)\{w}. Then E{Gi) = 
E{G)\{{w, x}}. Note that any of the three edges ofGi, {{x, y}, {y, z}, {x, z}}, 
is a maximum matching of Gi . Hence for each vertex v of Gi there is a cor- 
responding maximum matching of Gi not covering v and so Sq^ = and 
ki = 1. 

(a) Let Xi = X and consider induced subgraph G2 on vertices V{G) \ {x}. Then 



E{G2) = E{G) \ {{w,x},{x,y},{x,z}} = {y,z}. The edge {y,z} is the 
only maximum m,atching of G2 hence {y, z} C Sg2 ■ In this case ki = 2 and 
any of y or z can he chosen as X2- 

There are other interesting facts about nested sequences such as reordering of 
vertices of a nested sequence results in another nested sequence. However, we 
will not be needing these facts for the following discussion. The lemma below 
provides a bound on the maximum degree of a fc-uniform, linear family J-" if 

5^ = 0. 

Proposition 14 Let T be a k-uniform, linear family and let v := z^(J^). // 
there exists a x & Xjr such that |J^c| > kv, then x G Sjr. 

Proof. By Definition [9l a vertex x G Sjr if and only if x is covered by every max- 
imum matching of J-". Assume on the contrary that x ^ S'jf. Then there exists a 
maximum matching A^ of J-" such that x ^ X_m- For any A E Tx, AHXm 7^ 
as A^ is a maximum matching. Otherwise there is an A^-augmenting set {A}. 
However, J-'j. is a linear family such that fl A = {x}. Thus for any {A, B} C 

j;, {A n Xm) n (E n Xm) = 0- Hence ku = \Xm\ > \Xjr^ fl Xm\ > \J^x\ but 
this contradicts \J^x\ > ku = \Xm\- D 



Proposition 15 LetJ^i, Xi andki be defined as in DefinitionlTB. Ifd = A(J-'), 
then 

\J^\<kid+\J^kA- (6) 

Furthermore if J^ is a k-uniform, linear family then A(J-'fcJ < min{A;z/(J-'ytJ, d}. 

Proof. The equation ([6]) obviously holds as \J^Xi\ < A (J-") = d for each 
^ e {1, . . . , fci} and J^ = uf^i(J-,JUJ-fc,. By Proposition [H A(J-fcJ < kui^k^) 
or else Sjr^ ^ contrary to the definition of ki. Also, A(J-fcJ < A (J-") = d as 



We next partition J^ to establish some crucial propositions. Let J-" be a 3- 
uniform, linear family, A^ be a maximum matching of J-" with Sjr = ^^ d : = 
A(J-') and v := v{J^). By Proposition [TU d < 3z/. Now define as before. 

Definition 16 Let T and Jv[ be as described above. 
For zG {1,2,3}, A(-7^) = {^e -7^ I |AnX^|=i}. 
Fori G {1,2,3} andy eX^, di{y) = \ Di{J^)nJ^y\. 
ForA,BEM,D2{A,B) = {CED2iJ^) \ C n A ^ (D,C n B j^ ij}}. 
ForA,B,CeM,D2{A,B,C) = {EeD2iJ^) \ \E n {AU B U C)\ = 2}. 



Note that {A(^) | i e {1,2,3}} is a partition of J^ and M C D^{J^). 
Next, we find bounds on \D2{A,B)\ and \D2{A,B,C)\. 

Proposition 17 For all {A,B] C M, \D2{A,B)\ < 8. 

Proof. Let D{A,B) ■= {C e J" \ C n A ^ 0, C n B ^ 0}. Clearly, 
D2{A,B) C D[A,B). Since J-" is linear, there is at most one edge of J-" that 
contains both a and b for any a & A and b E B. Therefore, D{A, B) < 9. In 
particular, D2{A,B) < 9. Assume D2{A,B) = 9; we shall obtain a contradic- 
tion to the fact that A^ is a maximum matching. 

Let A = {1,2,3} and B = {4,5,6}. We construct a graph G with ver- 
tex set V{G) = {1,2,3,4,5,6} and edge set {{i,j}| i e A,j e B}. Since 
D2{A,B) C D2{J-'), the only edges of Ai covered by edges in D2{A,B) are 
A and B. Hence if {i,j,u} e D2{T) with {i,j} e E{G) then u ^ X_a4. 
Now consider any matching A^ of size three in G. Without loss of generality, 
let A^ = {{1,4}, {2, 5}, {3, 6}} and let the edges in D2{A,B) covering A^ be 
{1, 4, m}, {2, 5, f }, {3, 6, w}. If no two of u, v and w are the same vertex then 
we have an augmenting set {{l,4:,u},{2,5,v},{3,6,w},A,B} in J^ and A^ 
is not a maximum matching by Lemma O So without loss of generality, let 
V = w. 

Claim: Let {1, 4, u}, {2, 5, v}, {3, 6, v}, {2, 4, s}, {1, 5, t}, {1, 6, y} and {3, 4, z} 
be edges in J^. Then s = t and y = z. 

Proof of the claim: Note that s ^ v and t 7^ f as the sets {2, f } and {5, v} 
are contained in a unique element of J-". So, if s 7^ t then 
{{2, 4, s}, {1, 5, t], {3, 6, f }, A, S} is an JH- augmenting set. But this is a con- 
tradiction as A^ is a maximum matching and Lemma implies that J-" has 
no A^-augmenting set. Also, y 7^ v and z ^ v because {3,f} and {6,f} are 
contained in a unique element of T . So, if y 7^ z then 

{{1, 6, y}, {3, 4, z}, {2, 5, f }, y4, 5} is an Ai- augmenting set again leading to a 
contradiction by Lemma [51 Thus, the claim is established. 
If {2,6,r} G J-" then r ^ y because {1,6,?/} G J-" contains {6,?/} and r ^ s 
because {2,4, s} G J-" contains {2, s}. Hence the above claim implies that 
{{1, 5, s}, {3, 4, ?/}, {2, 6, r}, A, 5} is an M.-augmenting set, leading to a con- 
tradiction by Lemma [51 D 



Remark 18 Up to isomorphism, there exists a unique configuration of eight 
edges m D2iA, B) . Namely, if A = {1,2,3} and B = {4,5,6} then D2{A, B) 
is:{{l,5,s},{2,6,s},{l,4,t},{3,5,t},{2,A,u},{l,6,u},{2,5,v},{3,A,v}} 
where s, t, u and v are different vertices. Readers can establish the uniqueness 
by arguing similarly to PropositionYT^ 



Now we find the maximum value of \D2{A, B,C)\. It is clear that 
\D2{A,B,C)\ < \D2{A,B)\ + \D2{B,G)\ + \D2{A,C)\ < 24. We improve the 
bound to \D2{A,B,C)\ < 21 in the next two propositions. 



Definition 19 Let J^ he a ?> -uniform, linear family, and let M. he a matching 
(need not he maximum) of T. For {A,B} C M., we define a simple graph 
G{D2,A,B) as follows: V{G{D2,A,B)) := A U B and E{G{D2, A, B)) := 
{Cn{AuB) I CeD2iA,B)}. 

Proposition 20 Let J^ he a linear, 3-uniform family and let M. he a maxi- 
mum matching of F . If{A,B,C} C M and \D2{A,B)\ = 8 then \D2{A,C)\ + 
\D2iB,C)\<12. 

Proof. Let A = {1,2,3}, B = {4,5,6} and C = {7,8,9}. As D2{A, B) = 8, 
without loss of generality let {3, 6} ^ E{G{D2, A, B)) and hence 
E(G(D2, A, 5)) = {{1,4,}, {1,5}, {1,6}, {2, 4}, {2, 5}, {2, 6}, {3,4}, {3, 5}}. Also 
without loss of generality, by Remark [181 the subfamily corresponding to 
G{D2,A,B) in J^is 

{{l,5,s},{2,6,s},{l,4,t},{3,5,t},{2,4,n},{l,6,n},{2,5,t;},{3,4,t;}} (7) 

where s, t, u and v are different vertices and are not covered by the maximum 
matching M.. 



Claim 21 : \{E e D2{7) \ \E n {7, 8, 9}| = 1, \E n {3, 6}| = 1}| < 4. 

Proof of Claim 1211 If the claim does not hold then without loss of gener- 
ality 3 edges of D2{A, C) are incident to the vertex 3 and at least 2 edges of 
2^2 (-B,C) are incident to the vertex 6. We may assume that there are edges 
{6, 7, a} and {6, 8, 6} in D2{B, C). By our assumption ([7]), 
{{l,5,s},{2,6,s},{l,4,t},{3,5,t},{2,4,n},{l,6,n},{2,5,t;},{3,4,t;}}C^ 
where s, t, u and v are different vertices and are not covered by the maximum 
matching A^. Also by assumption {{3, 7, x}, {3, 8, |/}, {3, 9, z}, {6, 7, a}, {6, 8, h}} C 
J^ for some vertices x, y, z, a and h in Xjr \ X_m. 
We will use the following two observations. 

(i) As {{3, 7, x}, {3, 8,1/}, {3, 9, z}, {3,4, f}, {3, 5, t}} C J^ and J-" is a linear 
family, x ^ {t,v}, y ^ {t,v} and z ^ {t,v}. 

(ii) As {{2, 6, s}, {1, 6, m}, {6, 7, a}, {6, 8, 6}} C J^ and J-" is a linear family, 
a ^ {s,u} and b ^ {s,u}. 

Suppose that x = b. Then z j^ b because {{3, 7, x}, {3, 9, z}} C J^. Since z y^ b, 
z ^ {t, v} and b = X ^ {t, v}, we have an A^-augmenting set 
{{1, 4, t}, {2, 5, v}, {3, 9, z}, {6, 8, b}, A, B, G} in J^ contradicting Lemma [5] as 
A^ is a maximum matching of J-". Symmetrically, ii z = b then x ^b because 
{{3, 7, x}, {3, , 9, zW C T . Since x ^ b, x ^ {t, v} and b = z ^ {t, v}, we have 
an A^-augmenting set 

{{1, 4, t}, {2, 5, t;}, {3, 7, x}, {6, 8, 6}, A, S, C} in ^. 

So far we have shown that b ^ {x,z}. We claim that {x,z} = {s,u}. If this 
claim doesn't hold then either x ^ {s,u} or z ^ {s,u}. Let x ^ {s,m}. The 
case z ^ {s,m} is similar. Since x ^ {s,u}, x ^ b and by observation (ii) 
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b ^ {s,u}, we get the following A^-augmenting set 

{{3, 7, x}, {2, 4, u}, {1, 5, s}, {6, 8, b}, A, B, C}, a contradiction. 

Finally, note that a ^ z as z & {s,u} and by observation (ii) a ^ {s,u}. Next 

we claim that a G {t,f}. If this claim doesn't hold then 

{{6, 7, a}, {1, 4, t}, {2, 5, f }, {3, 9, z}, A, B, C} is an A^-augmenting set. Thus, 

a G {t,v} and by observation (i) y ^ {t, ^}- Therefore, a ^ y. Note that 

y ^ {s,m} as {x,2;} = {s,m}. So, we have the following A^-augmenting set 

{{2, 4, m}, {1, 5, s}, {3, 8, y}, {6, 7, a}. A, B, C} in J^. This contradiction to the 

maximality of Ai completes the proof of Claim HU 



FoTie{7,8,9},deRneD2{i):={E ED2iJ^) \ En{l, 2,4, 5} ^ and i G E}. 



Claim 22 .■ For{i,j} C {7,8,9}, 1^2(01 + l^2(j)l < 6. 

Proof of Claim 1221 Without loss of generality, let i = 7 and j = 8 and as- 
sume on the contrary \D2{7)\ + |i^2(8)| > 7. As \D2{i)\ < 4 for i G {7,8,9} by 
definition, without loss of generality let |D2(7)| = 4 and |D2(8)| > 3. Also by 
symmetry of 1, 2, 4, 5, we may assume that there are edges in -D2(7) U .02(8) 
containing each of {{1, 7}, {1, 8}, {2, 7}, {2, 8}, {4, 7}, {4, 8}, {5, 7}}. By our 
initial assumption ([7]), 

{{l,5,s},{2,6,s},{l,4,t},{3,5,t},{2,4,n},{l,6,n},{2,5,i;},{3,4,i;}}C^ 
where s, t, u and v are different vertices and are not covered by the maximum 
matching M.. Let 

{{1, 7, a}, {2, 7, 6}, {4, 7, c}, {5, 7, rf}, {1, 8, x}, {2, 8, ?/}, {4, 8, z}} C ^. The {0, 1}- 
intersection property of T implies that a ^ {t, s, w, 6, c, c?}, b ^ {s, f , m, a, c, c?}, 
c ^ {t, f , M, a, 6, d}, d ^ {t, s, f , a, 6, c}, x ^ {s, t, m, y, 2;, a}, y ^ {s, f , m, x, z, 6} 
and z ^ {t, u, f , x, y, c}. We now make observations that prove Claim] 



Fact 23 Either c = x or c = s. 

Proof. We have t j^ s, c j^ t and x ^ {t, s}. If c ^ {x, s} then 

{{4, 7, c}, {1, 8, x}, {3, 5, t}, {2, 6, s}, A, B, C} is an A^-augmenting set in J^, a 

contradiction. 

Fact 24 6 = t. 

Proof. Since t ^ u, z ^ {t, u} and b y^ u, either b = t 01 b = z otherwise 
{{2, 7, 6}, {3, 5, t}, {4, 8, 2;}, {1, 6, m}, A, 5, C} is an Al-augmenting set in F. 
Ii b = z then b ^ {s, t, u, v, x, y, a, c, d} as noted earlier. But then we have the 
following Al-augmenting set 
{{1, 7, a}, {2, 6, s}, {3, 5, t}, {4, 8, b}, A, B, C} in J^, a contradiction. 

Fact 25 y = t. 
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Proof. Since t ^ u, c ^ {t, u} and y ^ u, either y = t or y = c otherwise 
{{2,S,y},{l,6,u},{4:,7,c},{3,5,t},A,B,C} is an A^-augmenting set in J^. 
But c ^ y because c G {s,x} by Fact [23] and, as noted prior to Fact [231 
y ^ {s, x}. This completes the proof of this Fact. 
By Fact [24] and Fact [25], y = t = b. But this contradicts hnearity of the family 

T as I {2, 7, t} n {2, 8, t}| = 2 and proves Claim 



The above claim implies that there can't be strictly more than nine D2{J^) 
edges such that each edge covers a vertex in {1, 2, 4, 5} and another in {7, 8, 9}. 
The next claim improves the estimate. Note that by Claim [22] if D2{i) = 4 
for any i € {7,8,9} then DaO') < 2 for j G {7,8,9} \ {i}. Note also that 
D2{'i) < 4 by definition and linearity of J-". 



Claim 26 .■ There can't be nine or more D2{J^) edges such that each edge 
covers a vertex in {1,2,4,5} and another in {7,8,9}. 

Proof of Claim [2^ We already know by Claim [22] that there can't be strictly 
more than nine edges satisfying the condition in Claim [26] If there are nine 
such edges then each vertex in {7, 8, 9} is incident to exactly three of {1, 2, 4, 5} 
or Claim [22] is contradicted. 

We consider the bipartite graph G on vertices {{1, 2,4, 5}, {7, 8, 9}} defined 
by edges in D2{A, C)UD2{B, C). For all i e {7, 8, 9}, we have ddi) = 3. Since 
[|] = 3, there is a vertex of degree at least three in {1, 2, 4, 5}. Without loss of 
generality, we may assume that dcil) > 3; the cardinality of the class {7, 8, 9} 
imposes that ddl) = 3 and that the vertex 1 is a neighbor of each vertex in 
{7,8,9}. Since rfG(4) + ^^(5) > 9 - ^^(1) - (^g(2) > 3, either dd^) > 2 or 
o^g(5) > 2. So, without loss of generality, let dc{4:) > 2. Also we can assume 
that {4,7} and {4,8} are in E{G) (if not, then reorder vertices 7, 8 and 9). 
Hence {{1, 7, a}, {1, 8, b}, {1, 9, c}, {4, 7, x}, {4, 8, y}} C J^ for some a, b, c, x 
and y in Xjr \ Xj^ . And by our assumption ([7]) , 

{{l,5,s},{2,6,s},{l,4,t},{3,5,t},{2,4,n},{l,6,n},{2,5,w},{3,4,t;}}C^ 
where s, t, u and v are different vertices and are not covered by the maximum 
matching M.. The {0, l}-intersection property implies that a ^ {6, c, x, s, t, u}, 
b ^ {a, c, y, s, t, u}, c ^ {a, b, s, t, u}, x ^ {y, a, t, u, v} and y ^ {x, b, t, u, v}. 

Fact 27 X = s. 

Proof. We have t j^ s, c ^ {t, s} and x ^ t. li x ^ {c, s}, then 
{{1, 9, c}, {4, 7, x}, {3, 5, t}, {2, 6, s}, A, B, C} is an A^-augmenting set in J^, a 
contradiction. If x = c, then c = x ^ {a,b, s, t, u, v, y} as noted before Fact [27] 
We also know that b ^ {s,t}. But then we have the following A^-augmenting 
set {{1, 8, b}, {4, 7, x}, {3, 5, t}, {2, 6, s}, A, B, C} in J^, a contradiction. Hence 
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X = s. 



Fact 28 y = s. 

Proof. We have t ^ s, c ^ {t, s} and y ^ t. li y ^ {c, s}, then 

{{1, 9, c}, {4, 8, y}, {3, 5, t}, {2, 6, s}, A, B, C} is an A^-augmenting set in J^, a 

contradiction, li y = c, then c = y ^ {a,b,x,s,t,u,v} as noted prior to the 

previous fact. But this gives the following A^-augmenting set 

{{1, 7, a}, {4, 8, y}, {3, 5, t}, {2, 6, s}, A, B, C} in J^. Thus, contradicts that M 

is a maximum matching. 

By Fact [571 and Fact [2H1 x = y = s. But this contradicts the linearity of J-" as 
I {4, 7, s} n {4, 8, s} I = 2. Hence, Claim ^ is proved. 

The statement of Proposition [20] is an easy consequence of Claim [^T] and Claim 

D 



We shall not be using the following remark. Though, the statement of the 
remark can improve the bound in the main result as done in author's doctoral 
dissertation pi)j. However, the statement below was proved using the aid of a 
computer program and we decided not to use it for the current article since 
the improvement in the bound is not significant. Using the remark below, it 
can be shown that \D2{A,B,C)\ < 20 in Proposition [ 



Remark 29 Let T be a S-uniform, linear family and Ai be a maximum 
matching of T. If {A, B,C} CM, then \D2{A, B)\ = \D2{A,C)\ = D2{B,C)\ = 
7 doesn't hold. 

Proposition 30 Let J^ be a 3-uniform, linear family and let Ai be a maxi- 
mum matching of J^. If {A,B,C} C M, then \D2{A,B,C)\ < 21. 

Proof. Assume on the contrary \D2{A,B)\ + \D2{B,C)\ + \D2{A,C)\ = \D2{A,B,C)\ > 22. 
Therefore, by Proposition[I7|at least one of \D2{A, B)\, \D2{B, C)\ or \D2{A, C)\ 
is equal to 8. Without loss of generality, let D2{A, B) = 8. Thus, \D2{B, C)\ + 
\D2{A, C)\ > 13. This contradicts Proposition [201 □ 



6 3-uniform, linear families J' with Sjr 



In this section, we find a bound on the size of 3-uniform, linear families J-" with 
Sjr = (defined by [9]) in terms of their maximum matching and maximum 
degree. The chief idea of the proof that establishes the bound follows. For a 
3-uniform, linear family with A approximately greater than 4z/, if \J-'\ > Au 
then for any given maximum matching Ai, a local augmenting set involving at 
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most three matching edges is found and extended to a global A^-augmenting 
set. Thus, contradicting the fact that A^ is a maximum matching and so 
establishing the result. 

Let us recall few notations. Let J-" be a 3-uniform, linear family, and let 
Ml he a maximum matching of J-". For A ^ Ai, define Di{A) := {B G 
Di{T,M) I BnA^^}anddi{A):=\Di{A)\.FoTanYgcTandAeT, 
also define Ga ■= {B E G \ BnA^iJ}}. 

The following partition of a maximum matching is crucial to obtain the bound 
on the size of a 3-uniform, linear family. 

Definition 31 Let J^ be a 3-uniform, linear family with Sjr = 0, t/ := i^iJ^), 
A := A(J^) and let JH be a maximum matching of T . We "partition M. the 
following way. 

Ml := {A e M I di{A) > 7} and M2:= M\ Mi. Also let m := \ Mi\ 
and Ml = {Ai, . . . , Am}. We already know by Lemma that if for some 
A E M, di{A) > 7 then all edges in Di{A) are incident to the same vertex of 
A. For each i G {1, . . . ,m}, let this unique vertex be denoted by Xi G A^ and 
let Ai = |Xj, yi, Zi\. 

Since Sjr = 0, Proposition [H implies that A < 3z/. Let M, Mi, M2, ^j's, 
Xj's, ?/i's and Zi^s be as defined in the previous definition. Let us partition 
the family J-" and obtain bounds on the size of each class. Since an arbitrary 
maximum matching M is fixed in the following discussion, for all i G {1, 2, 3} 
Di{J^) is used instead of Di{J',M). 

Definition 32 Let the family T and M be as stated in Definition EH We 

define 

£i:= U J^r.; 

i(i{l,...,m\ 

82-={AeF I {M2)a = 0} \ ^1, where 

{M2)a = {B e M2 I A n fi ^ 0}, I.e., £2 consists of those Al^) 
and D^{T) edges which do not intersect matching edges from M2 and do 
not contain vertices from {xi,...,Xm}- Note that if B & Di{J^) then B fl 
({yi, . . .,?/„} U {zi, . . .,Zm}) = ^ by DefinitionlM' 

S^,= {AeJ' I \AnXM,\ = l}\Si; 

£i:=i{AeJ' I \AnXM,\>2}\Si)\M2. 

Remark 33 By Definition ISR it is obvious that T = ^ie{i,...,4}Si U M2 and 
the sets are pairwise disjoint. 

Next we find an upper bound for each member in the above partition with 

m = \Mi\. 

Proposition 34 If £1 is defined by Definition l3^ then \Si\ < mA. 
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Proof. This is obvious as £i = Ujg{i^...^m}J-'s. and \J-'xi\ < A for all i G 
{l,...,m}. ' ' D 

Proposition 35 If £2 is defined by Definition \^ then \£2\ = 0. 

Proof. Suppose 82 7^ 0, then there exists an edge B E £2- ^J the note after the 
definition of £^2 (Definition [321). B G D2{J-')UD3{J^) and all vertices in BHXm 
belong to {j/i, . . . , yk} U {2:1, . . . , z^}. We show that if i? G D2{J^) or B E 
D^^J^), then an A^-augmenting set exists in J^. Suppose B G D2{J^). Without 
loss of generality, let {yi, 2/2} ^ B and B = {yi, 1/2, w} where w ^ X_m. Since at 
least seven -Di(J^) edges are incident to xi, at least other seven -Di(J^) edges are 
incident to X2, and there can be at most one edge containing both w and Xi for 
each i G {1, 2}, there is an A^-augmenting set which consists of an edge from 
L'i(J') n J%ci, an edge from -Di(J') r\ J^X2, B, {xi,yi,Zi} and {x2,y2,Z2}. This 
contradicts that A^ is a maximum matching. Also for B G D^lJ-") r\£2, we can 
similarly construct an Al-augmenting set in J-". In this case the augmenting set 
consists of three -Di(J^) edges, the edge B and the three Afi edges that have 
nonempty intersection with B. Hence in either case there is an A^-augmenting 
set. Thus, £2 = 0- □ 

Proposition 36 If £3 is defined by Definition l3^ then 
l^sl < min{2m + 6, A — l}{i' — m). 

Proof. Recall that £3 = {A E M. \ \A\~\ Xj^,^\ = 1} \ £^1. Hence £3 consists 

of -Di(J^) edges that intersect AI2 edges and D2{J-') U D^i^J^) edges that cover 

exactly one vertex in Xm2 ^"^^ 110 vertex in {a;i, ■ ■ ■ ,Xm}- 

Claim : If seven or more edges from £3 intersect an edge A E A4.2 then all £3 

edges that intersect A must be incident to the same vertex x in A. 

Proof of the claim : Suppose not; then there exist Bi and B2 in £3 that 

intersect A and are disjoint. As at least seven edges from £3 intersect A and 

|y4| = 3, by pigeonhole principal there is a vertex a E A such that among £3 

edges that intersect A at least three contain a. If there exists Bi E £3 such 

that Bi intersects A and a ^ Bi then we can choose B2 among the edges in 

£3 containing a. 

If Bi and B2 are both -Di(J^) edges then {Bi,B2,A} is an Al-augmenting 

set. Now we consider all remaining possibilities for Bi and B2. Considering 

symmetries, we have the following possibilities. 

(i) Bi is a D2{J-') edge and B2 is a Di{J^) edge; 

(ii) Bi is a D2{J^) edge and B2 is a D2{J-') edge; 

(iii) Bi is a -D3(J^) edge and B2 is a -Di(J^) edge; 

(iv) Bi is a Ds^J^) edge and B2 is a D2{J^) edge; 

(v) Bi is a D3{J^) edge and B2 is a -D3(J^) edge. 

In each of the above cases, an A^-augmenting set can be constructed using 

Di{J^) edges incident at Ali edges along with the Ali edges intersected by Bi 

and B2, Bi, B2 and A. For example consider the case (v), since Bi and B2 are 
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in D^ (J-") each of them covers two edges from Ai i . Assume the worst case that 
-Bi, B2 intersect four different edges in A^i and let the edges be Ai, ^2, A3 
and ^4. Recall that seven or more -Di(J^) edges are incident to Xi G Ai for all 
i G {!,..., m}. Note that any Di{F) edge incident at Xi can at most intersect 
two Di(J-') edges incident at Xj for i ^ j. Hence there are fouj ^ I pairwise 
disjoint -Di(J^) edges in Uf^^^ (Di ( J-") fl J^cJ. These disjoint edges along with 
Ai, A2, A3, A4,, Bi, B2 and A form an A^-augmenting set, a contradiction. 
Hence, if seven or more £3 edges intersect with any M2 edge then all these edges 
must contain the same vertex of the A^2 edge. Now consider {S3) a, the set of 
£3 edges incident at an M2 edge A. If |(£^3)a nDi(J')| > 7, then all {Di{J'))a 
edges are incident to the same vertex in A and A G A^i. A contradiction to 
the fact that A G M.2- Therefore, there are at most six -Di(J^) edges in (£^3)^- 
By Definition [32l an edge in £3 is either a -Di(J^) edge or a D2{J^) U D3{J^) 
edge that contains at least one vertex in {yi, ■ • • , ?/„} U {zi, ■ ■ ■ , z^} and no 
vertex in {xi, ■ • ■ , Xm}- Hence |(^3)a| < min{2m + 6, A — 1} for all A G A^2- 
Therefore, |£^3| < min{2m + 6, A — l}(z/ — m). D 

Let us generalize Definition [T6] to find a bound on D2{J^,Ai) U D3(J-', A^). 

Definition 37 Lei J^ be a 3-uniform, linear family and let Ai be a matching 
(not necessarily maximum) of J^. Fori G {0,1,2,3}, define 
Di{J^,M) ■.= {AeJ' I \Ar]X^\=i}. Also for all {A, B,C} CM, define 
D2{A,B,C):={EeD2iT,M) I \En{AUBUC)\ = 2} and 
D3{A,B,C):={EeiD3{T,M)\{A,B,C}) \ \E n (AU B U C)\ > 2}. 

Proposition 38 Let J^ be a 3-uniform, linear family and let Ai be a match- 
ing (not necessarily maximum) of J-' such that n = |A^|. If\D2{A,B,C)\ < 21 
for all {A, B,C} CM, then \D2{T,M)\ + \D3{J^,M)\M\ <j^[f). 



Proof. For {A,B,C} C A^, let 

'H{A,B,C) := {{i,j} I {i,j} is contained in an edge from D2{A,B,C) U {D3{A,B,C)\M)}. 

Since J" is a linear family, we get |{E G J" | |E fl (A U 5)| = 2}| < 9 for 
any {A, B} C M. Thus, we obtain 

\n{A,B,C)\<27. (8) 

In the expression 

E mA,B,C)\ (9) 

{A,_B,C}CA4 

each edge in D2{J-',M) is counted (n — 2) times because C can be any of 
the {n — 2) other M edges for a fixed pair {A,B} C M. Also each edge in 



^ We need at least seven Di{F) edges to be incident at each of the Xj's to ensure 
existence of four pairwise disjoint Di{F) edges. 
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D3{J-',J^) \ A^ is counted 3{n — 2) times in the expression (|9]). Hence 

{n~2)\D2iJ',M)\ + 3in-2)\Ds{J^)\M\= J2 \nAB,C)\. (10) 

{A,B,C}CM 

So by equations (|8]) and (TTO|) . we have 

{n - 2)\D2{J^,M)\ + 3(n - 2)\D,{T) \M\<27(''\ 
Therefore, 

So, we have 

\D,{J^,M)\ + \D,{J^)\M\<l\D,{J^,M)\ + ^^^^i^^. (12) 

By equation (fTOj) . we have 

(n-2)|D2(^,At)|= E |H(A5,C)nD2(^,A^)|. (13) 

{A,B,C}CM 

As 

?i:(A 5, c) n D2{J') = D2{A, B, c), 

we have 

\D,iT,M)\ = -^ E \D2iAB,C)\. (14) 

By the assumption that \D2{A,B,C)\ < 21 for all {A,B,C} C M and by 
equations (fT2l) and (fT^ . we get 



|D2(^,-M)| + |/^3(-^) \ -Ml < ^|/^2(^,-M)| + ^(^^(3) 

2/1 ^ \ 27 /n\ 

- 3 l^(n-2) ^^^^%^j^ ^^ j + 3(n - 2) 1,3 j 

2\ 21 M 27 M 

+ 



3/ (n-2) V3/ 3(n-2) V3^ 
23 fn\ 



{n-2)\3j 

D 

Let A^i, m and A^2 be defined by Definition [311 Also, define n := |A^2|- 
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Proposition 39 Let J-" be a 3-uniform, linear family and let M. he a maxi- 
mum matching oj T . 1/84 is defined by Definition ISE then 



(23n(n-l] 



ISA < 



if n > 3 
if n = 2 



6 
8, 
0, if n = 1 or n = 0. 



(15) 



Proof. Let n > 3 and suppose that {S^l > g(^i^2) (3) ~ ^n{n — 1). So, by 
Proposition [38| there are edges A, B and C in A^2 such that \D2{A, B,C)\ > 
21. But then there is an A^2-augmenting set W in J-" by Proposition [30] such 
that WnM2 = {A, B, C} and W\M2 C Dsl^, B, C). If edges in W\M2 do 
not intersect with any edge in A^i then W is an A^-augmenting set too. Thus, 
we have a contradiction to the fact that A1 is a maximum matching. So, there 
are edges in W that intersect with Xj^i- By Definition HI \W \ A^2| > 4. Let 
Bi, B2, B3 and B4 be edges in W\M2- Note that if Xmi r\ Bi ^ (li for some 
i E {1,2,3,4:}, then Bi e DsiJ^, M)r] £4. Let j := \{i \ B.HXm^ ^^}\- 
By definition < j < 4, so we need to consider cases for j G {0, 1,2,3,4}. 
In case j = 0, the result is already established. One can easily construct an 
A^-augmenting set (similar to Proposition [36]) by considering Di{J^) edges 
incident to (A^i)>v edges in all cases for j G {1,2,3,4}. Note that at most 
four edges in A^i can have non-empty intersection with Uf^^i^j. We leave 
details of construction of augmenting set for each case j G {1,2,3,4} to the 
readers. 

If n = 2 then by Proposition [T7] and definition of £4, we have |£^4| < 8. Also 
by Definition [32| £4 is empty if n < 2. D 

We recall Definition [21] regarding partition of A^. In the proof of the following 
proposition, m := \M.i\, v := z/(J^) and A := A(J^). 

Proposition 40 Let T he a 3-uniform, linear family such that Sjr = 0, i.e., 
there is no vertex in T that is covered by all maximum matchings. Ifvi^F) = v 
then 

6 

Proof. Let A := A (J"). By Proposition [H Sj- = implies that A < 3v. 
By Definition [52] of £^j's, \T\ < Z)f=i \^i\ + |-^2|- Proposition [5H implies that 
\£i\ < niA, Proposition [35] implies that £2 = 0, Proposition [5B] implies that 
1^3 1 ^ {u — m) min{(2?7i + 6). A — 1} < {u — m){2k-\-6) and by Proposition 
1^4! < ^{^ — m){u — m — 1) < ^(z/ — m)^ for z/ — m > 3. Note that \£4\ < 
for 1/ — m <2. Also, IAI2I = v — m. \{ v — m>3, then 



1^1 <E 1^*1 + 1-^21 

4=1 

23 

< mA + (u — m)(2m + 6) H (^ — 'mY + (u — m) 

6 

23 

< Sum + (z/ — m){2m + 7) H (z^ — m)^ [as A < 3z/] 

6 



,2 



23\ / _ 23 \ 23 



mM -2 + — + m 3z/ + 2z/ - 7 - — z/ + —v^ + 7z/ 



,2 



6 / V 3 

11\ /8 _\ 23 



m^ — 1 - m ( -z/ + 7 I + — z/^ + 7z/, 



The final expression above is a concave upward parabola in m and hence the 
maximum value would occur at the extreme points, m = Oorm = z/ — 3<z/. 
It is easily checked that maximum occurs at m = 0. Hence, 

1^1 < ^^' + 7Z.. (17) 

o 

\i V — m <2 then by Proposition [39| \£i\ < 8. Hence 



1^1 <E 1^*1 + 1-^21 

j=l 

< mA + (z/ - m)(A - 1) + 8 + (z/ - m) [as \S-i\ < (A - l)(z/ - m)] 
= Az/ + 8 

< 3z/2 + 8 [ as A < 3z/] 
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<— z/2 + 7z/ [for z/ > 21. 

For z/(J^) = 1 and A(J^) < 3z/(J^) = 3, use equation ([1]) to obtain \J^\ < 
3A - 2 < 7 < ^z/2 + 7z/. D 



7 Proof of the main result-Theorem [3] 



Proof of Theorem [3l Let x G Xjr be such that \J^x\ = A. By Proposition 
X e S^ as A > f z/(l + ^) > 3z/. Recall Definition [12 As S^ ^ 0, therefore 
there is a nested sequence {|/i, . . . ,?/fc^} C Xjr. By Proposition [T5l 

\T\ < kiA + \Tk^\- (18) 

Note that Proposition [15] also implies that A(J-';fcJ < 3z/(J-fcJ. By the defi- 
nition of j/j's and repeated use of Remark [TTl we get z/(J^fci) = i^ — ki. Since 
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Sj^k — ^^ by Proposition Ho] and equation (fTSj) we have 



I J"! < fci A + I -FfcJ 

D 

6 b 

Let /(A;i) := fci^(f ) + ki{A - f z/ - 7) + f z/^ + 7u for 1 < fci < z/. Note 
that ki > 1 because Sjr ^ 0. Clearly f{ki) is a concave upward parabola as 
y a^ ' > 0. Hence the maximum of f{ki) occurs at the extreme points ki = 1 
or h = y. As /(I) = f +A-f z/-7+f Z/2 + 7Z/ = f zy2+A_|i_^ < |^,2+^ 
and /(z/) = Az/. Thus, \T\ < maxj^z/^ + A, Az/}. Since Az/ > f z/2 + A if and 
only if A > f T^. Therefore for A > ^3 -^^ 



IJ^I < Az/. 



D 



Recall by Remark [H for any positive integers A and z/ there exists a 3-uniform, 
linear family J-" with A(J-') = A, i'{J-') = z/ such that \J-'\ = Az/. Thus, an 
extremal family achieves the bound on the size in Theorem |3l 
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